Abstract. We calculate ordinal Lp index defined in [3] for Rosenthal's space Xp, ℓp and ℓ 2 . We show a subspace of Lp (2 < p < ∞) non isomorphic to ℓ 2 embeds in ℓp if and only if its ordinal index is minimum possible. We also give a sufficient condition for a Lp subspace of ℓp ⊕ ℓ 2 to be isomorphic to Xp.
Introduction
Kadec and Pelczynski in [9] proved that if X is infinite dimensional subspace of L p (2 < p < ∞) then either X is isomorphic to ℓ 2 or X contains a isomorphic copy of ℓ p . In addition if X is complemented in L p (1 < p < ∞) and not isomorphic to ℓ 2 then X contains a complemented copy of ℓ p . They also proved that if X is a subspace of L p (2 < p < ∞) such that X is isomorphic to ℓ 2 then X is complemented in L p . In [7] it was shown that if X is a subspace of L p (p > 2) such that ℓ 2 ֒→ X then X ֒→ ℓ p . Thus if X is a subspace of L p ( 2 < p < ∞) such that X is not isomorphic to ℓ 2 and X ֒→ ℓ p then X contains an isomorph of ℓ p ⊕ ℓ 2 . Moreover if X is L p subspace not isomorphic to ℓ p then X contains a complemented isomorph of ℓ p ⊕ ℓ 2 . ℓ p , ℓ 2 , ℓ p ⊕ ℓ 2 and ℓ p (ℓ 2 ) are referred as small subspaces of L p (p > 2) and for a long time these were only known examples of complemented subspaces of L p . In 1970, Rosenthal [10] constructed a complemented subspace of L p , which is customarily denoted by X p and is not isomorphic to the four spaces mentioned above. X p is also kind of a small subspace of L p in the sense that it embeds in ℓ p ⊕ ℓ 2 . In [3] authors defined an ordinal L p index for separable Banach spaces. With help of this index they proved that there are uncountably many mutually non isomorphic L p subspaces of L p (1 < p < ∞). But the exact value of the L p index of the spaces constructed by them is not known so far.
It was proved in [8] that for 2 < p < ∞, if X is a L p subspace of ℓ p ⊕ ℓ 2 with unconditional basis then X is isomorphic to one of the spaces ℓ p , ℓ p ⊕ ℓ 2 or X p . But for any L p subspace X of ℓ p ⊕ ℓ 2 it is an open question whether X is isomorphic to one of the spaces ℓ p , ℓ p ⊕ ℓ 2 or X p (see [6] ).
In this work we will first calculate ordinal L p index defined in [3] for Rosenthal's space X p , ℓ p and ℓ 2 . We will show (Corollary 2.8) that a subspace of L p (p > 2) non isomorphic to ℓ 2 embeds in ℓ p if and only if its ordinal index is minimum possible.
Coming back to the question mentioned above, in Theorem 2.10 we will provide a sufficient condition (which is trivially necessary) for a L p (2 < p < ∞) subspace of ℓ p ⊕ ℓ 2 to be isomorphic to X p .
We now provide basic background for our work. For notation we closely follow [3] .
X is isomorphic to Y and there is an isomorphism S : X → Y such that
we will denote by R p the constant of equivalence in Rosenthal's inequality [10, Theorem 3] . If in the context p is fixed, we will simply denote it by R. In this paper we will take the following view point in defining R α p spaces considered in [3] . Let 
For definition of independent p-sum see [3] . Next we define R ) Ind,p . This construction may be continued for any ordinal α < ω 1 . It is known that Rosenthal's space X p is isomorphic to R ω0 p , 1 < p < ∞. Now we will define the notion of (p, 2, (1)) sum of subspaces of L p given in [1] . We now recall the definition of L p index for separable Banach spaces from [3] . 
On B D we define a strict partial order by u ≺ v if |u| < |v| and for
Let 1 ≤ p < ∞ and 0 < δ ≤ 1. Let B δ be the set of all u ∈ B D such that
Remark 1.5. As a consequence of Equation 1 we observe that if
In case of
If α is a limit ordinal we define
In [3] it was proved that for 1 ≤ p < ∞ and any
. In [3] it was proved that for 1 ≤ p < ∞, h p (B) < ω 1 if and only if L p ֒→ B. If L p ֒→ B by convention we take h p (B) = ω 1 .
We will be using the following results repeatedly while calculating h p index of R 
FACT [3, Lemma 2.5]: Let B be a separable Banach, 0 < δ ≤ 1 and α < ω 1 . Let e ∈ H δ α (B). Let e be the element of (B ⊕ B)
. As a consequence if B is isomorphic to its square and h p (B) > α, for some limit
Hence by Theorem 1.6 for any infinite dimensional space X, we have h p (X) ≥ ω 0 .
Following result was proved in [6] .
Either Y is isomorphic to a complemented subspace of X p or Y has a complemented subspace isomorphic to ℓ p (ℓ 2 ). 
Main Results
Following Lemma is the key to calculate h p index of ℓ p , ℓ 2 and R ω0 p .
Lemma 2.1. Let 2 < p < ∞ and X be a subspace of L p . If for some 0 < δ ≤ 1 and n ∈ N, H δ ω0+n (X) = ∅ then there exists a constant C (depending on δ, p and X) such that R Proof. Without loss of generality we assume that X consists of only mean zero functions (otherwise we write X = X 0 ⊕ L 0 p and work with X 0 ). Let
By taking (p, 2, (1)) sum on both sides of Equation 3 we have ( We will use the following result for calculating the h p index of ℓ p and ℓ 2 which we will prove later.
We will use following Lemma to find h p index of ℓ p .
where N i ⊆ N, {e n } is standard unit vector basis of ℓ p and 1 ≤ i ≤ 2 k . Then 
If we take c 1 = b 2 n0 and c 2 = −b 1 n0 , then we get
This contradicts that
Hence
Nu (ℓ p ), we can find u n ∈ H 1 0 (ℓ p ) with |u n | ↑ ω 0 and u ≺ u n for each n. Thus for each i we can find some fixed k string t 1 · · · t k of 0 ′ s and 1 Since for all n and j ∈ N i we have |c n j0 | ≤ 1 we conclude that a i j = 0 for all j ∈ N i , which contradicts ||u i || = 1 for 1 ≤ i ≤ 2 k . Thus there exists some By taking (p, 2, (1) ) sum on both sides we have (
Proof. By using Lemma 2.4 we have
Now we will calculate h p index of ℓ 2 . Proposition 2.6. For 2 < p < ∞ we have h p (ℓ 2 ) = ω 0 . In following Theorem will prove that if a subspace of L p is not 'too small' then its h p index must be greater than or equal to ω 0 · 2.
Proof. By Remark 1.8 we have
Proof. If X ֒→ ℓ p and X ∼ ℓ 2 , then ℓ p ⊕ ℓ 2 ֒→ X. Since R To end this note we will provide a sufficient condition (which is trivially necessary) for a L p subspace of ℓ p ⊕ ℓ 2 to be isomorphic to X p . Theorem 2.10. Let X be a L p , 2 < p < ∞ subspace of ℓ p ⊕ ℓ 2 such that X ֒→ ℓ p . Then X ∼ X p if and only if X is stable under taking (p, 2, (1)) sum.
Proof. If X is a L p subspace of ℓ p ⊕ℓ 2 such that X ֒→ ℓ p then ℓ p ⊕ℓ 2 (c) ֒→ X. By taking (p, 2, (1)) sum on both sides we get (ℓ p ⊕ ℓ 2 ) p,2,(1) ֒→ (X) p,2,(1) and by [1, Lemma 2.5] this copy is complemented. Thus (ℓ p ⊕ ℓ 2 ) p,2,(1) (c) ֒→ (X) p,2,(1) .
We claim that (ℓ p ⊕ℓ 2 ) p,2,(1) ∼ R (1) . Observe that this copy is stable under taking (p, 2, (1)) sum. Consider this isomorphic copy. Since ℓ p is complemented in this copy we have (ℓ p ) p,2,(1) is complemented there. As both concerned spaces are isomorphic to their square by decomposition method we have (ℓ p ) p,2,(1) ∼ R ֒→ X p . Recall that R ω0 p ∼ X p . Since X is stable under taking (p, 2, (1)) sum it is isomorphic to its square. Using decomposition method we have X ∼ X p .
Remark 2.11. It follows a complemented subspace X of X p is stable under taking (p, 2, (1)) sum if and only if X satisfies condition (2) of [2, Theorem 2.1].
